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ABSTRACT: We compute the one-loop effective action of two DO-branes in the matrix model
for a cosmological background, and find vanishing static potential. However, there is a non-
vanishing v? term not predicted in a supergravity calculation. This term is complex and
signals an instability of the two DO-brane system, it may also indicate that the matrix

model is incorrect.
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1. Introduction

Formulating string/M theory in a time-dependent background remains an elusive problem.
The only observables in string theory are S-matrix elements, this is certainly true in the
perturbative formulation of string theory where conformal symmetry on the world-sheet
plays the role of the guiding principle in constructing consistent asymptotically flat back-
ground, it is also true in a nonperturbative formulation of M theory, the matrix theory,
where scattering amplitudes among DO0-branes and their bound states are assumed to ex-
ist. However, S-matrix does not exist for most of interesting cosmological backgrounds, it
certainly does not exist for our universe. Perhaps, a reformulation of observables is the key
to extending string/M theory to include time-dependent backgrounds.

The matrix model proposed by Craps et al. is an attempt to formulate string theory
in a time-dependent background [f], the metric in this model depends on a null coordinate
and in the Einstein frame it exhibits a null singularity at the “big bang” point. This
model was subsequently generalized to a class of more general backgrounds in [P], and to
a class of even more general backgrounds in [, flJ, and [f] (a concrete model in this class
was previously studied in detail in [ff]). For related work on time-dependent backgrounds,
see [[]-[), and [I0].

So far, except for the decoupling argument presented in [[[], there has been no indepen-
dent check on the correctness of the matrix proposal. The effective action of a D0-brane
in the background generated by another D0O-brane was derived in [[I], where it is noticed
that the usual double expansion in the relative velocity v and the inverse of the relative



separation b fails when time is sufficiently close to the big bang point. Although there is no
definition of scattering amplitude between two DO0-branes too, we believed that it makes
sense to talk about the effective action at later times. In the present work we shall make
the usual one loop calculation to see whether we can obtain the small velocity expansion
of [[d]. To our surprise, we shall see that the v? term in the one-loop calculation does not
vanish and is complex. This is a rather astonishing result.

We are faced with two possibilities, our result may indicate that the matrix proposal
is incorrect, or it may signal an instability of the two DO-brane system at later times, since
the v? term in the effective action is complex. However, we can not locate a physical reason
for this instability at present.

The layout of this paper is as follows. We use the background field method of [|L3]
to write down a gauge-fixed action and expand it to the second order in section P We
compute the one-loop contribution of the off-diagonal fluctuations to the effective action
of two DO0-branes in section Bl when the relative velocity vanishes, and find it equal to
zero. The v? term in the one-loop contribution is calculated in section il and we find a
non-vanishing complex term. We show that the small velocity expansion makes sense in
the flat matrix theory and the v? terms cancel in appendix [Al Appendix [B is devoted to
discussions on the propagators.

2. Basic setup

In [l], the authors consider a flat type IIA background, with a null linear dilaton, ¢ =

T = —00. A matrix string ac-

—QzT. The Einstein metric has a curvature singularity at
tion is proposed in [[l] to describe the theory nonperturbatively. The type IIA background
can be obtained by compactifying M theory on a circle, along the ninth direction. In [P],
the background is lifted to M theory, and the corresponding matrix theory is BFSS like [[2].
DO brane interaction is found out by considering the shock wave solution in [[]]. To get
the shock wave solution, the authors have compactified the ninth direction and averaged
the source over that direction. The Routhian of a graviton in the presence of another is
P30 epv? [K2,e72@7" 26171 where p_ is the null momentum of the test parti-
cle, (2m)2RR'p’_ is that of the source particle, and ¢, is some fixed numerical coefficient,
especially, ¢y = 1,¢9 = 87%2. R is the radius of the M-theory and R’ is that of 9th direc-
tion. From the form of the Routhian, one can see that there is no static potential between

2 correction, either. In this approach, we are expanding

: . 90zt _ 2 ¢—2Qa"t 2.2
the effective action in terms of k2,e 297" p/ v2r=6. Note that k2 = i = Zuds g
11 R 27 R

just the physical gravitational constant in ITA string theory. Therefore it is clear that the

two gravitons, and there is no v

expansion is a supergravity perturbation.

1
R
We shall in this paper work in the scheme of [B], and use the matrix

In the present paper, we will just consider the case of two D0 branes, and hence p_ =

_ 1
~ R2wR2mR’-"
model action instead of the matrix string action. We compute the effective potential of two

and p’

DO branes with separation both in the ninth direction and in the transverse directions. To
compare our matrix model calculation with the supergravity result in [[[1], the separation
in the ninth direction should be integrated out in the end.



The matrix theory action includes the bosonic part Sp and fermionic part Sr. Set the
Planck scale [, to 1, the two parts can be written as

1 21, 2 R P w2 R 2
= Tr{==(D;X")" + —=e 29D, X%)" + =X XI]" + Z[X?, X7
Sy /dtr{zR(t ) gme 2 DRX0) 4 X XA 4 SIXO, XT,
Sp = / dTr{i67 D6 — ReQ'0T~, (X, 6] — ROT~o[X°, 6]}, (2.1)
where 4,7 = 1,...8, runs over the eight transverse directions, and Dy = 0y + i[A, is the

covariant derivative. Rescale ¢t — (21/3R)*1t,Q — 21/3RQ and X* — 2Y3X# to absorb
the R in the action, we have

A 1 o A
Sp = / HTr{(D: X + e~291(D, X9 + 562Qt[X’,X]]2 + (X9, X977,
Sp = / dtTr{i0T D6 — @07 ~;[X?, 0] — 0T v9[X°, 0]} (2.2)

To calculate the effective potential, we use the background field method [[3]. Expand
the action (B.3) around the classical background field B* by setting X* = Bt + YH
uw=1,2---9. The fluctuation part of the action is a sum of five terms

S = Sz + SQ + SA + Sfermi + Sghost- (23)

In the following, we will determine the explicit form of each term. It is convenient to choose
the gauge
G = 9 A —ie?? B, X' —i[B°, X°] = 0. (2.4)

In the standard gauge fixing procedure, we need to insert
1= 4y, [[90(G - F)900) 25)

into the path integral, where £ is a gauge parameter, f(¢) is chosen to be f(t) = et for
later convenience, ¢(t) is any function. The path integral is independent of the choice of
g(t), so we can multiply the path integral by [ [dg(t)]e*ig(t)Q. Ay, is given by the variation
of G under gauge transformation, independent of g(t). Thus by changing the order of
integration, we can integrate out g(t), and get a gauge fixing term

Sy = —e 29G2. (2.6)
So the bosonic action of the fluctuation is
Syi = / diTr{(0,Y")" + 224 ([B', YI) + e 29 [B%, YI]* + B, Y]
+2[BL YV Y] + %[w‘, Y1),
Syo = / dte 2N Tr{(0,Y0)" + 29([B), YO 4 9B, V)

+F2[BL Y)Y YO+ 2 B YO + [y YO,



S, = / ATr{—e 2 0,4)2 — e 2R A, B — [A, BT

+4i0; BY[A, Y] + 4ie 299, B°[A, Y] — 4Qie *?'BY[A, Y]
+2i0, YA, Y] — 2[A, BY)[A, Y] — [A, Y
+2ie72919,Y[A, Y] — 2e 729 A, BY)[A, Y] — e 2914, YO} (2.7)

Since we are considering two DO-branes, the Yang-Mills fields are just 2 x 2 matrix.
We will choose the background to be diagonal,

B1 = 50'3732 = 50’3739 = 50’3. (28)

The background for A and other transverse directions are chosen to be zero. This cor-
responds to, in comoving coordinate, two zero-branes moving towards each other with
relative velocity v in the z! direction, transverse separation b in the z? direction and ¢ in
the 29 direction. Write the matrix in terms of U(2) generators,

A A . 1
Vi = (}/'(]212 —{-Yalda), Y9 — §th(Y'0912 +Ya90'a),

1

2
1 1

A= §€Qt(A012 + Aada), 0= 5(9012 + GaO'a). (29)

where a = 1,2,3. The 0 components in this decomposition describe the free motion of the
center of mass and will not be written explicitly in the following. Then up to quadratic
terms, the actions for the fluctuations are

1 . .

Si _ 5 /dt{}/ll(_atQ _ b2e2Qt _ U2t2€2Qt _ CQ)YiZ
Yol (0,2 — b2 — 2420200 _ (2)yy
+Y3'(—0,%)Ys'},
1

So = 5 /dt{Ylg(—8t2 F QP - B2 220290 _ 2yy,?
Y2 (0,2 + QF — 122 — 226290 _ 2YY,?
+Y3°(=0. + Q*)Y5"},

1

S4 = —3 /dt{Al(—&gz + Q2 — h2e2Qt 24220t 02)A1
+A2(—8t2 + Q2 _ bQGQQt o ,UZtZeZQt _ 02)A2
+A3(—0* + Q%) As

+4’U€Qt(A1Y21 — AQYll) — 4QC(A1Y29 — AQYlg)}. (210)
Define
V9 = AT+ AT, A= (At — A7)
2 \/5 1 1/ NG 1 1/
1 1
Y = — (A + A7), Ay = —(A4; — A). 2.11
1 \/5( 2 2) 2 Z\/i( 2 2) ( )



Then the actions for A and Xg become

1
Sh = - /dt{A*l(—af F Q2 — 12 _ 220290 _ 2 j90c) AT,

+ATH (=02 + Q* — b2 — % — ¢ — 2Qc) AT
+A3(—0,% + Q%) Az + i2V20e? (AT — A7)Vl 4+ (AT, — A7 9)V1Y},

1
Sp- = 5 /dt{A_l(_atQ +Q? - b2e2Qt _ 242e2Q _ 2 4 i2Qc)A™
+A (=02 + Q% — b2 — v212e2Qt — 2 1 i2Qc) A,
+Y37(—0,% + Q*)Y5%}. (2.12)

Define new fermionic fields,

1 1
0L = — (01 +105), O0_ = —(07 —10s). 2.13
+ \/5( 1+ i6s) \/5( 1 — i6) (2.13)
Then the action is
1
Sy = /dtGT(i&g + vteQlyy + be®lyy + cy9)0, + 593T(i8t)93. (2.14)

The ghost action is determined by the infinitesimal gauge transformation of G,
Sy = /dtC’l*(—ﬁt2 — b0t — 21229 — YOy + Co* (02 — b2 — ?12e29 — )y
+C3*(—07)Cs. (2.15)

Before doing any calculation, we can see that the fluctuation action for X4 is indepen-
dent of the separation, and hence has nothing to do with the interaction of the two zero
branes. We will not consider them in the following.

3. Static case

First we will analyze the situation when v = 0. This corresponds to two zero-branes static
in the comoving coordinates. To calculate the one loop interaction, we need to integrate
out the quadratic fluctuation, which can be written in the form of determinants,

et PR3 o Vighi= 1,

det™2 (=07 + Q* — 2% — & —i2Qc), for A*y A"y,

det_%(—&s2 +Q° -2 — ® +42Qc), for A1 A,

dob(~0f — B~ ), for Cha

det (i, + be®yg + cy9), for 04 3-1)

We use Schwinger proper time formalism to calculate the determinants. For any Hermitian
operator A, the determinant is represented by
Xds

0 =In(det A) = —/ —Tre 53, (3.2)
0 S



Thus we need to calculate the heat kernel, K(t/,t;s) =< t/|e”*%|t >. K(t,t';s) satisfies
the differential equation and the boundary condition,

10 K(t' t;s) = AK (' t;s),
K(t',t;0) = 6(t —t'). (3.3)

For the first determinant in (B-1), A = —9? — b%e>@* — c2. To solve (B-J), we first solve the

static shrédinger equation
Ma(t) = (=07 — 02> — (1), (3-4)
The two linearly independent solutions of (B.4) are Bessel functions
Jik(x), for k¢ Z, or Jy(x), Yi(x), for keZ, (3.5)

where xz = %th, —(Qk)? = A+ % Y,(z) has singlarity at 2 = 0, and are not in
consideration. Since the operator A is hermitian, A is real, and k is either real or pure

imaginary.
Using an integral of Bessel function (eq. 6.574.2 of [[L3])
 dx 2sinm(£52)
= J(x)J,(x) = 2 , 3.6
|, S = e 3

an orthonormal basis can be constructed,

[
Yu(t) = 2sinh(rw)

=\/4QnJay(z), n=1,2,... (3.7)

[Jiw(x) + J_ijw(x)], w >0,

To check the orthogonality,

| oo - zsi%fm) Om%wiwf(m) T tire (@) i e (&) i e(a)]
w sinh[% (w + w')] € sinh[% (w — w')] € )
smh(ﬂ'w) (WH+w)  7[(252)2 + €] (W—w) ()2 4 €2
=f(w— )+ 6w+ w)
= §(w — '),
|50 ) =
/ T A1) falt) o sin(n) = 0. (3.8)

We have deformed +iw by a small real part, iw — +iw + € and used the identity §(z) =
lim._.q m In the fourth line w > 0 is taken into account.



To check the completeness, we will need to prove that all J(z), Rk > 0,k # 2n,n € Z,
can be expanded in the basis. Define

Aww% ,lmziéwﬁn@waw,
_ /0 " dwd(@)yu(t) + ZJ” Ful®) (3.9)

Using (B.6), one finds that

~ w 4 cosh(Z2) sin(ZE ~ n (—1)"sin(m&
Tn(w) = 2@ sinh(7w) 71'(/(<;22—£w2)( ; )’ Te = 4\/5% (3.10)

R B o 0 5111(2) wWig+e(T)
/0 de,@(w)yw(t)—/ d E (3.11)

oo msinh(%2) (k2 4+ w?)

The large order behavior of the Bessel function is
Ju(z) ~ et g—(utg)mp, (3.12)

Then the integral (B.11]) can be evaluated by closing the contour in the lower half plane.
Simple poles are at w = —2ni, —ik.

L 8 Th. — n n
/0 dw (W)Y, (t) = Je(z) — ;sm(;);(—l) mJQn(x)

= I fa(®), (3.13)
n=1

Therefore,

Jo(x) = Je(z). (3.14)
When k = +iw + ¢, the above equations still hold. Then the other linear combination of
Jiw(®), Jiw(z) — J_iu(z) can be also expanded in terms of the basis (B.7), and so are not
included in the basis. In fact, we have shown that any normalizable eigenfunction can be
expanded in terms of this basis, which is enough to guarantee that the basis is complete.
(The completeness of this set of the eigenfunctions was discussed previously in [[G].)
Then the heat kernel can be expanded in terms the orthonormal basis,

K(t',t;s) _ / dwyw(t')*yw(t) —z[(Qw —c?]s + an fn i[(2Qn)? +c2]s (315)
0

3.1 The bosonic effective potential

Having found out the heat kernel, it is straight forward to write down the determinant
explicitly, by &; = —fooo%ffooodtK(t,t;s). The trace in (B.9) is now an integral over
t. In order to compare with the result obtained on the supergravity side [[1], we need
to compactify the 9-direction and smear the result over the circle. This is equivalent to



sum the images in the covering space and then average over the compactified circle. On
the matrix theory side, we need to calculate the one loop effective potential of two DO0-
branes separated also by ¢ in the z? direction, integrate over ¢ and then divide by 27 R’.
This procedure is expected to give us the result that is to be compared with our earlier
result in [[[1]. Here R’ is the radius of X°. Now there are altogether four integrals in our
calculation of determinant, the integral over ¢, s,w, and c. We can first do the the integral
over c¢. Then the smeared determinant becomes

-1 ds [ & Quw _ 2
0 = ——— -5 dt dw—-"—"Jiw iw —iw i(Qw)"s
2\/—m'R’/0 55 /_Oo {/_OO wQSinh(m;) Jio (@) o (@) + T (x)]e

+ Z 4QnJ22n(x)ei(2Q”)25}

n=1
b T T e [T a9 g T (a e
- 2\/——m'R’/o SS’/_oodt{/_ood Ssinh(re) e Wi (@) + T ()]
x[1—i(Qw)?s + -] + > _4QnJ3, (x)[1 +i(2Qn)’s + -} (3.16)
n=1

Here we have extended the integral range of w from (0,00) to (—oo,00). We use the
7 T .
notation +i = e™2 , v/Ei = e* 1, and In(i) = Z. We have rewritten the exponential in

the form of power series. Using the large order behavior of Bessel function, we have

w2n+1 J ; w2n+1 | | w2n67rw
sinh(7w) iw (1)1 (2) sinh(7w) exp[=2iw Ini —Inw] sinh(rw)’
W W2+l . ‘ " ‘ _ .
mjw(x) ~ m exp[2iw + 2iw In 5 2iwlnw — 2iwlni — Inw|

2n . . €T .
wexp|2iw + 2iwln Z — 2iwlnw + Tw
- bl 2 3 (3.17)

sinh(7w)

Close the contour in the lower half plane, we can see that the integral of each term propor-
tional to J2 (z) at the infinity is zero. Because of the third line of (B.17), we will meet a
divergence at infinity in each term proportional to J;, (x)J_,(z). Note that this divergence
is independent of the x, and therefore can be subtracted. Then

/_Zdwzsi%@%w(x)uw(m) + J_iw(@)][L = i(Qw)?s + -],
= —4QnJ3,(z)[1 +i(2Qn)%s + - . 19

The above just cancels with the summation in (B.16) term by term. Although we are not
sure about the convergence of the expansion, the exact cancelation of each term between
the integral (B.1§) and the summation in (B.16) has shown that J; = 0 up to a physical
irrelevant constant. So the bosons coming from the i directions give no contribution to the
effective potential.

For the second and the third determinants in (B.I]), The heat kernel becomes

n=1



K_('t;s) = /0 dwys (2 )y (@)e QDT L N7 f () f (1) PO H DT 1)
n=1

Then take the same procedure as in eqgs. (B.16), (B.17), and (B.1§), we will find that the
bosons coming from the gauge field and X? give no contribution to the effective potential,
either.

The ghost determinant is the same with that of X?, and hence give the same result
except for a minus sign.

In a word, we find that there is no static potential coming from the bosons.

3.2 The fermionic effective potential

In the fermionic sector, there are 16 degrees of freedom for each SU(2) index. Since there
are only three gamma matrix relevant here, we can choose a basis to make the gamma
matrix and the field block diagonal,

N =02®1s, Y=03®1ls, 79 =01®1s. (3.20)
Define

Kot t;5) =< t'|exp(—iA;(1)s)|t >ap,

where Ay = id; + be®yy + ¢y9, @, = 1,2 label the two 8 x 8 block matrix. Then
K,p(t',t; s) satisfies the following differential equation and initial condition

10sKop(t' t;8) = (Af(0)apKps(t',t;8),  Kap(t',1;0) = 605t — ). (3.21)
To find the solution, we write
K5t t; & ;
< lﬁ( ,7 73)> :/ dAKﬁ(t/’t;A)efl)\s.
KZB (t ) t; 5) —00
In the following, we just write Kg for short. Then from (B.21), K 3 satisfy the following
differential equations
(Z'at + bth — )\)Klﬁ + CKQﬁ =0,
(i0; — be®" — N\)Kop + cK15 = 0. (3.22)
These equations are equivalent to
CKQﬁ = —(iat + be@t — )\)Klg,
(02 + 0%2@ + ¢ — A2 4 2i00; — iQbe“) K5 = 0. (3.23)
Denote A/(Q) by w, and ¢/Q by ¢’. Take the ansatz K153 = f(w,c,t)¢(w,c,t). Then
f(w,d,t") factorize and the equation for ¥ (w,c’,t) has two linearly independent solutions,

x(_l/Q_i‘”)Ml/27,-C/(—2ia:) and a:(_l/Q_i“’)Ml/z?,iC/(—2@'3:). Where M) ,(x) is a Whittaker
function. A general solution for (B:23) is

~1/2—i M, 9 i (—2ix)
Kj = W,Cl,tl x( 1/2—iw) < 1/2,ic : >
B f( ) M71/2,ic’(_2m;)

_ ) M i /(—22.%)
+ w,c’,t/ 1.( 1/2—iw) < 1/2,—ic ‘ > , 3.24
g ) _M71/2,72'c’(_27’$) ( )



where f(w,d,t') and g(w,c’,t") are chosen to satisfy the initial condition. Then

- i ©XP(—i o My (—2i)
Ka tl, t, s) = / dw i zww M_ et 7211:/ < 1/2,ic : >
1( ) —0o0 Q(-’L'/) —4i\/ xx’ [ 1/2, ( ) M—1/2,ic’(*27/93)

M_ ., 72 / 1/27 2c
+ 1/2,ic ( (24 ) <_M1/2,ic’(_2ix) ]

o0 i exp(—i o My i (—2i)
Koot t:5 :/ doO(E iw €XP(—1Qws) M,y oo (—2ia < 1/2,ic ! )
2 ) —o0 Q(xl) —4iv/xa! (M2, ) M_1 30 (—2i)

. M —ic! —2ix

When s = 0, w can be integrated out and gives 6(¢t —t’). Then
D(z,x', )

Kog(t',t;0) = d,50(t — t' ,
p(t450) = dagdlt = )= 2=

where
D(z,2',c") = My s o (=2i2)M_y j3, i (—2i2") + My jg,—jer (= 2i) M_1 j2jor (—2i"). (3.26)

In appendix [B, we will prove that D(x,z,¢’) = —4iz. So (B.25) satisfies the initial condition

in (B.21).

Finally,

* dc ds
5]0 = —/ 27TR// tT’Kaﬁ(t t/ )

_ / / - 2;[;/ / ds / @ exp|—iQuws]

[M1/2 ier (=26x)M_y j3 _jor (—2iw) + My 3 _jor (—2ix) M_y 3 jor (—2i)]

- / dt/ i 2:;' / = / dw@ exp[~iQus] (3.27)

The tr in the first line means a trace of the 2 x 2 matrix and an integral over ¢. The integral

is divergent but is independent of b and «. In fact, this is just the phase shift generated
by a free operator i%. Regularize the phase shift by subtracting — fom%tre*”{os, Hy is
the Lagrange for free fermions. We can see that the fermions give no contribution to the
effective potential.

Then we can draw the conclusion that there is no static effective potential.

4. Effective interaction at the order v?

Now we are going to investigate the case when there is a small relative velocity between the
zero branes. Since it is difficult to compute the determinants directly, we will perturbatively
expand around v = 0.

From (R.1(), (2.12), (R.14) and (R.15)), we can see that the only possible terms term
odd in v in the perturbation series come from the the fermionic action (P.14). These terms

vanish because the trace of odd number of Gamma matrix is zero.We shall in this section
calculate various v2 terms.

,10,



Denote the v? terms coming from the first order bosonic contribution by by, the second
order bosonic contribution by b, the first order ghost contribution by g1, and the second
order fermionic contribution by fo. Then,

b — / "o [T agere ey + v,
AT (A7) + (45 (A (0) + (AT AT () + (45 ()45 0],
n=if oo [ areedlcocio) + anoio)l

~

o 2mR J_
by = l/OO _de_ Oodtl/oo dts(v/2)% e P2
2)_ 2R J_ oo
x{[< A+1(t1)A+ (t2) > + < A 3(t1) A a(t2) >] < Yol (11)Ya! (t2) >
[< 1(ta) >+ < ATo(t1)ATo(ta) >] < Vil (t1)Y1' (t2) >},
fo = / h 27?;, / dty / dto0t toe@0 Q02
T

+
X 1“[ 1Gf(t1,t2) 1Gf(t2,t1)]. (41)

Since we are only interested in the effective potential, we do not have to do all the
integrals in the second order contributions. Define t; =t + %7', to =t — 27' integrate out
7 and ¢, we are left with an integral of ¢, which combined with the first order perturbation,
will give the effective potential to v? order. In appendix [A], we will show how this procedure
is carried out when the background is flat. We hope that this procedure also goes through
here, as we shall see, there is a problem arising at this order.

The propagator < Y/ (t2)Y{(t1) >= G;(t2,t1), satisfies the differential equation

(=07 — 622N — H)Gy(ta, t1) = i6(t1 — ta), (4.2)
and is related to the heat kernel by G;(t2,t1) = —fooodsK(tg, t1;8).
Gi(tz,tl) = —/ dSK(tQ,tl;S)
0
[ Qu
=i dws———"—Ju,(x1)[Joiw(@2) + Jiu(2)]/[(Qw)? — ¢ — i¢]

oo 2sinh(7w)

+i Y 4QnJan (1) Jon (12)/[-(2Qn)* — ¢ — ic]

n=1
= —0(t1 — tz)mjfic’(l?)[t]ic’(xl) + inc’(xl)]
—0(t — tl)mﬁic'(%)[%c'(@) + J_ier(22)]- (4.3)

From the second line of (JL.3) to the forth line, we have integrated w by contour integral, and
assumed ¢ > 0. When ¢ < 0, just replace ¢/ with —¢’. Using the asymptotical behavior
of Bessel function at large order (B.12), we see that Ji,(x1)J i, (29) ~ e@@(t1—t2)tmw—Inw,
When t; — to > 0, we should close the contour in the upper half plane, and otherwise the
lower half plane. The poles at +2ni cancels with the sum in the third line of ({.3). So
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only the poles at £(c+ i€) contribute to the propagator. It is difficult to obtain a compact
result. We will take a b — oo limit to obtain the asymptotic behavior. Or equivalently, we
let b/(Q) to be of order 1, and let t — oo .

cos(za + 2imd — ) cos(z1 — I)

QMsmh(%)

We use G;(t,t) to calculate by, which becomes

Gi(tg,tl) ~ —0(t1 — tg) + (tl — tg). (4.4)

[sin(2x) 4 1] coth(%c/) i cos(2z)

) ~ — — 4.
Define
G+(1,2) = < AT1(t) AT (t2) >=< ATa(t1)ATa(t2) >,
G_(1,2) =< A_l(tl)A_l(tQ) >= A_Q(tl)A_Q(tQ) > . (4.6)
They satisfy the following differential equations
(=07 = e — (c+iQ)*)G (ta, 11) = id(t1 — o),
(=07 —b%e*M — (c —iQ)*)G_(ta, t1) = id(t1 — t2). (4.7)

The solution G4 can also be obtained from the heat kernel.

G+(t2,t1) = —/ dSK+(t2,t1;S)
0

/ deQw[ zw(xl) + J—zw(xl)][ zw(xZ) + J—zw(xQ)]
0 2sinh(mw)[(Qw)? — (¢ +iQ)?]

4 i AQnJay (1) Jon (22)

(2Qn)? — (c +1Q)?
o 9(751—752) J_iteriy @) [Ticeraiy (1) + T iy (21)]
= T3Qsmh[r(c + )" i@+ Eie ) [P i (71
H(tg—tl)ﬂ'

_2Q sinh[ (Cl + ’L)] J*i(curi) (‘Tl)[‘]i(c”ri) (‘TQ) + in(c”ri) (‘TQ)]

™

i — tZ)cos[xg + m(c +1) — 47]FCOS(5U1 -1 4t o ), (4.8)
Q+/T172 CO&h(T)
and /
[sin(2z) + 1] tanh("5-)  icos(2z)
Gy(t,t) ~— — . 4.9
L1 T - (49)
To get G_, just replace ¢/ by —c in ({£.§).
Then the first order contribution adds up to
: 7 de 59 901
-mq:ﬂ/ S PREU6G (1,1) + G (1,0) + G (1,0)
i3v2t2e@![1 + sin(22)] [ Qdc nc . 4vt2eQ cos(2z) [ Qdcd
~ coth(—) —
b 0 7TRI 2 b 0 7TR/
i30%t2eQt [ Qdd wc
~ coth 4.10
b 0 7TR, ( 2 ) ( )
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In the last step, we have omitted the trigonometric functions because they are periodic
functions and fluctuate violently at large argument. The integral of ¢’ seems to give a
divergence, but this is just caused by our using the asymptotic expansion of the bessel
function. That step hides the depression of the large ¢’. In fact, from the large order
behavior (B.17), we can see that there is indeed no divergence in the ¢’. Hereafter, we can
just put the this divergence aside.

To compute be, we again need to take the limit |z1] > 1 and |za| > 1. This is
equivalent to t1 > 1 and t3 > 1. In this case, we use the asymptotic expansion of Bessel
function when z; and x5 are large in (f.3) and (f.§). Multiply (£3) and (E.§), and integrate

out 7 = t; — to, we will get the dependence on z = beQQt, t = %(751 + t2). The relevant

integral is

—iVip = / de 2U262Qt/ dTGi(tl,tQ)[G+(t2,t1) + G_(tg,tl)]
0

/
TR o

00 o] _ 2 / 1
~ /0 %/0 dTW{Z’ COth(%)[COS(QQ?Q) + 3 sin(2z1 + 2x9)

1
—{—5 sin(2z1 — 2x9)] — [1 — sin(2x2) + sin(2z)

1 1
—3 cos(2xy — 2x9) + 3 cos(2x1 + 2x9)|} + (t1 < t2)

/

® dc v? e oo
~ / — —{im coth(—)[Ip(4z) — Lo(4x)] —/ Qdr + 2Ky(4x)}. (4.11)
o TR b2 2 o
Considering x1 > 1, and x2 > 1, The trigonometric functions with argument x1, x2, and
2z1 + 2x9 fluctuate quickly in the & > 1 limit, they average to zero and hence can be
omitted. The term ffooonT seems to be divergent. However, remember the limit we are
taking here, t1,t3 > 1, and t fixed, so the range of both ¢; and ¢5 is proportional to t. Then
the range of 7 = t; — to is also proportional to ¢, and the term proportional to ffOOOQdT is
finite and increases with ¢.
To calculate fo, we will need the fermionic propagator, defined by G, g(ti,t2) =
(T4 (t1)0T (t2))ap. It satisfies the following differential equation,

[iatl + bthl’}/Q + Cvg]Gaﬂ(tl, tg) = —Z'(;aﬂ(;(tl — t2). (4.12)

The propagator is related to the heat kernel K,5(t2,t1; s) roughly by G, g(t1,t2) = fooods X
K,p(t2,t1; s). But there is some subtly in determining the time ordering in each term. This
is related to the boundary conditions. We are not going to solve the problem in this way.
Instead, we take the b — 0 limit. The limiting case will be the propagator for massive
fermions, which will be analyzed in appendix f]. When b — 0, the argument of the
Whittaker function is small. We will have

My, (2) ~ 23675, (4.13)

We determine the time ordered propagator by comparing its small b limit with the propa-

gator of a massive fermion in appendix [A], consequently

Gn(tl,tg) = (47;\/1'11'2)_1[0(& — tZ)M—l/Q,—ic’(_27;1'2)M1/2,z‘c’(_2ix1)

,13,



—0(t2 — t1)M_y )30 (—2iz2) My 3 _jer (—2i21)]
Gaa(tr,t2) = (4i/m1ma) Ot — t2) My g, i (—2iw2) M_y jg jer (—2i1)
—0(ta — t1) My g o (—2i2) M_y j3 —jer (—2iw1)]
Gra(ty, t2) = (4iy/m1me) [0t — t2) My g, i (—2i2) My 3 jor (—2i1)
+0(t2 — t1) My i (—2i2) My ja o (—2iz1)]
Gar(tr,t2) = (4iy/mime) [0t — to) M_y /5 _jor (=2iw0) M_y 3 0 (—2i1)
0ty — t1) My g jor (= 2iw2) My jy i (—2i1)]. (4.14)

Again let b/(Q) to be of order 1, and take the ¢; 2 > 1 limit also, we will get a finite
integral with respect to both 7. In the following, we will need to use the asymptotical
expansion of Whittaker function at large argument.

-/
% exp(Frc +ix)V—2ix
[(£2id +1)
I'(+id +1)

My 4 jo(=2i) ~

M7%7iic/(—2ix) ~ exp(—ix)V —2iz. (4.15)

Then

Tr[y1Gy(t1, t2)n1Gy(ta, t1)] = [Gra(ta, t1)Gaa(t1, t2) + Gaa(ta, t1)Gri(t, ta)
—Gi2(t1,t2)Gra(t2, t1) — Ga1(t1,t2)Ga1(t2, t1)]
= (8w1w2) " O(ty — t2)[M2, )y o (=2i2) MT 5 ;s (—2i1)
+M12/2,—ic’(_Qix2)le/2,ic’(_Qi‘rl)] + (t1 < t2)
h(2ixy — 21 2rc
. _cos (2ixg — 2ixy + 27c’) (4.16)

cosh?(mc)

The fermionic contribution to the effective potential is thus

. ® e o] ,7_2
—ZVf = /0 // dT80262Qt(t2 — Z)TI‘[’)qu(tl,tz)’yle(tz,tl)]

TR
Qe 2.2Qt sh(27nc 2
N/ 8dd  ve 0(2)5 ( 7TC)K0($)[4t2— 7'('_2]
g TR’ cosh?(mc’) Q
i2mv?t2e?@t sinh (27!
- DT 4 (42) — Lio(42)]) (4.17)
cosh”(wc’)

From ([.1(), (E11), and (f.17) we see that the effective potential proportional to v?
does not vanish. The late time potential contains both a real part and an imaginary
part. In the following, when we use “proportional to”, we mean that we ignore some
numerical coefficient, including the the integral of ¢/. The leading real part comes from the
bosons, ({.1(), proportional to %ﬁe@t. It increases with ¢. The leading imaginary part
also comes from the bosonic part, (jL.11)), proportional to —iz—j ffooonT. This term is finite
and increases as t as we have explained following eq. ({L.11)). We may also pay attention
to the subleading terms, which are finite, and may have some physical significance. The

subleading imaginary part comes from the fermionic contribution, which is proportional to
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_ 4@t

—i?2¢29 =G The subleading real contribution comes also from the

242 ,2Qt o —iv
v t=e*“ Ky(4x) —
Q

4@t
V2422Qt —He

fermionic contribution, which is proportional to v2t2e2@![Io(4z) — Lo (4x)] ~ —
Q-

Both the real part and the imaginary part of the effective potential are proportional to

positive power of (), so when ) — 0, both vanish. The subleading effective potential also

vanish as t — oo.

5. Conclusion and discussions

We study the effective potential between two D0-branes in a time-dependent matrix theory
at the one loop level. When the two DO-branes have no relative motion in the comoving
coordinates, we find that there is no effective potential. This result is expected if there is
supersymmetry, thanks to the cancelation between bosons and fermions. What is surprising
is that there is no supersymmetry in our case. The bosonic and fermionic phase shifts are
both divergent but do not dependent on the physical parameter, the seperation b. So upon
suitable regularization, they are both zero.

When we consider the case when v # 0, the exact form of the effective potential is
not calculated because of the integrand is too complicated. Too see that the potential is
non-trivial, we examined the behavior of the potential in later times. The v? corrections
do not cancel in one loop calculation. Moreover, there exists an imaginary part in addition
to a real part. This result seems to contradict with our supergravity calculation. When we
compactify the X direction, we get a type IIA string theory with string coupling constant

2 x g2 = 729,

gs = e~ 9 and the effective 10 dimensional gravitational constant is &
Supergravity loop expansion is in terms of gravitational constant. But we see no sign
of this expansion in matrix calculation. Furthermore, the imaginary part of the effective
potential may imply an instability of the 2 DO-brane system. As the two DO-branes move
apart in the comoving coordinates, certain modes in the two DO0-brane system become

tachyonic, and the imaginary part just signals creation of these modes.
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A. Perturbation in flat background

When the background is flat, BFSS matrix model has been tested to two loops. Here we
will use our perturbation method to repeat the result to one loop order. Set b = 0 and
Q = 0, we just return to the situation investigated by [[4]. The v = 0 case is similar. The
determinants we are going to compute becomes

det’(—82% — ¢2) for Yﬁ‘wu:l,...Q and Aj g,
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det™2(=07 — ¢?) for Ca,
det™(i0; + cyo) for 6. (A.1)

The propagators are Gy(t,t') = —%eic‘t*t/‘ for all the bosons and the ghosts. For the
fermions,

Gll(t)t/) — GQQ(t,t/) = _E(t _ t/)e’ic‘t—t/‘,

Cro(t ) = G (1.1) = —%eic\t—t/\, (A2)

where €(t —t') = 1[0(t — ') — 6(t' — t)]. For the v # 0 case, we need

by = i / b g P VP (YL (D) + V0V (1)

[e.e]

(A1 () AL(t)) + (A2(t) Aa(1))],
g =i / A2 2[(Cy (DO (1) + (Ca (T3 (1),

—00

b2 = _/Oo /Oo dtldt27)2{<A1(t1)A1(t2)><Y21(t1)Y21(t2)>
+(Aa(t1) A (t2)) (Y1 (t1) Y1 (t2)) ],
fo = %/ / dtydtav*t ity X 811G ¢(t1,t2)1Gp(ta, t1)]. (A.3)

In order to get the effective action, we do not need to perform all the integrals. Define

t = % T = t1 — t9, integrate out 7, and sum over all terms above, we will get the

effective potential before the smearing;:

> 5
by =i / dtv*t? =,
o c

*° 1
g1 = —i/ dtv?t? =,
oo c

% 1
by = —i/ dtv?—,
2c

[ 42 1
f2 = —Z/ dt’l)Z(T — 2_63) (A4)

The various factors comes from the counting of degree of freedom. They sum up to zero.
So there is no v? term in the effective action.

B. The proof of an identity
Here we will give the proof of the following identity
D(c,z) = Mygic(2)M_12—ic(2) + My —ic(2)M_1/2c(2) = 22, (B.1)

where z is pure imaginary. In the following, we will treat D(c, z) as a function of ¢, and
view z as a parameter. Using the steepest descendent method, we can get the large |c]
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. . . 14, 1.
behavior of Whittaker function, M%’ﬂ-c(z) ~ z2Fie Mié,ﬂc(z) ~ 22¥ when |¢| — 0. So

limy o D(c, 2) ~ 2z. Using My ,(2) = e*Z/2z“+%<I>(,u — A+ 3,20+ 1;2), and the relation
O(a,v;2) = e#P(av — ,7; —2), we can write D(c, z) in terms of @ as

D(c,z) = z[®(ic, 2ic + 1; 2)®(—ic, —2ic + 1; —z) + ®(ic, 2ic + 1; —2)P(—ic, —2ic + 1; z)].
(B.2)
®(a,v;2) as a function of v has single poles at v = —n, and analytic elsewhere. Near
the pole, limgjet1——pn ®(ic, 2ic + 1;2) ~ m (3(n—Dn+1)"Me(2E n+2;2),
where

(n =Dz —1) = 1]+ [5(n = 1)~ n/[(n + 1]

If n is odd, the above is zero, so the potential poles in the upper half plane are at 2ic+1 =
—2n. However,

lim  D(c,z)
2ic+1——2n
< 1 2n+1 on +1
= 5(2n —1)2 1)d 2 2: \P 9 9. _
(2n)!(2ic+1+2n)(2(n )2n+1) & ,2n + 25 2)®( ,2n + 2;—2)
% [Z2n+1 + (_Z)2n+1] = 0. (BB)

The same phenomenon happens when 2ic + 1 — 2n. Thus D(c,z) is analytic in
the complex plane as a function of c¢. Since D(c,z) approaches to 2z as the |¢| — oo,
D(c, z) = 2z by Cauthy integral formula.
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